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Abstract

Simple analytic expressions are presented which describe the gas-damping of squeeze-type micromechanical structures and which set
design criteria for optimum response. The model is shown to accurately represent experimental data obtained for a device intended to
function as an optical modulator with fiber-to-the-home applications. © 1999 Elsevier Science S.A. All rights reserved.
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1. Introduction

Operating frequencies of micromechanical devices can
extend into the MHz regime where damping to prevent
ringing can become a serious issue. In this paper, we
propose a very simple model which incorporates the essen-
tial elements of an actua gas-damped device and for
which the mechanical response can be determined analyti-
caly. The derived expressions, with empirically deter-
mined parameters, are demonstrated to accurately describe
the behavior of a drumhead-type optical modulator. This
device consists mechanically of a tensioned diaphragm,
with a number of small holes, which forms the lid over a
small cylindrical volume. The phenomenological model
represents a new approach to the very complicated damp-
ing problem [1-13].

2. Mode€

The model device shown in Fig. 1 consists of a piston
of mass m and cross-sectional area a which is supported
within a cylinder by a mechanical spring with spring
constant k. The piston has small holes to provide an
escape for the gas trapped in the cylinder and at equilib-
rium, sits a distance h above the bottom of the cylinder.
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Because the assembly is located in a large volume, the gas
pressure above the piston remains at the ambient gas
pressure P,, independent of the piston’s position and the
instantaneous pressure P in the cylinder.

The linearized equation of motion for the sinusoidally
driven resonator is

mk= —kx— (P —P,)a—I'k+F,e'"“", (1)

where x is the piston’s displacement from equilibrium and
I' is the ordinary damping constant associated with the
piston’s velocity. The solution of Eqg. (1) is represented by
the expressions

x = Agl(@t= ¢ (2)
and
P—P,=Bel“ %), (3)

where in generd, ¢, # ¢,.

The amplitudes A and B are given by analytic func-
tions if it is assumed that the piston displacements are
small compared to h, and if the simplification is made that
the rate of gas flow through the holes in the piston is
proportional to the instantaneous pressure difference P —
P,, that is,

h=—§(P—PO). (4)

Although the conductance ¢ is treated as a constant for a
particular device, it is, in genera, a very complicated
function depending on many parameters, including: the
number, size, and physica arrangement of the holes in the
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Fig. 1. Model device.

piston; the gap size h; the type of gas used; and the mean
free path of the gas molecules.

A straightforward analysis shows that the displacement
amplitude is determined by the relation

g
A w§+—_2_(x)2
1+ (wr1)
[ @g 1 ol F
il — ———— + — || = =€, (5)
o7 1+ (wT) m m
where
k
wl=—, (6)
m
aP,/h
PR A (7)
and
a2t ®
TN,
RT )
—E? (9)

The parameter w, is the resonant frequency of the piston
in the limit P, — 0; wy is the resonant frequency of the
piston in the limit that k— 0, and 7 is the characteristic
time associated with the decay of pressure in the fixed
volume ah.

The imaginary term on the left side of Eq. (5) has two
components. one due to the usual damping coefficient I,
the second due to the out-of-phase component of the
cylinder pressure. To simplify the discussion, it will be
assumed that the term in I" is small enough to be ne-
glected. The expressions for the displacement’s amplitude
and phase are then

F, / mw?

wgz/wg w? z wgz/(ug 1
|+ ’ -2
1+ (wT) s T 1+ (wT)

A=

(10)

and
wgz/wr

(wg— wz)(l+(w7)72) + wgz '

tan ¢, = (11)
It can also be shown that the pressure response is given
by

P,F, / hmw?
B= 00/ mwO (12)

1) % 1w221 L, @
-——|—=*+|1-— + (w7 +—
a o ) rten T

1 (wz—wg)
(T  rh

and
(13)

Egs. (10)—(13) are the framework of the model.

3. Special drive frequencies
31l 0w=0

If there is at least one hole in the piston, then 1/7# 0
and Egs. (10) and (12) yield in the limit of zero frequency,
A—F,/mw2=F,/k and B— 0. The motion of the pis-
ton is now slow enough to allow the cylinder pressure to
remain at P,. The restoring force is then due only to the
mechanical spring.

32. w—> >

In this limit, A— 0 and B— 0. Now the drive fre-
guency is so large that the piston, because of its inertia,
cannot respond to the oscillatory force and remains station-
ary. Conseguently, the cylinder pressure again remains at
P,.

33 wrx 1

If one thinks of the drive frequency as being fixed, this
case corresponds to a very small value of 7 and so, to a
piston with a very high porosity. Eqg. (10) simplifies to

F, mwg
A= / , (14)

2 2
2_ 2 2
\/ w5 —w wyg
—_— — 0T
2 2
wO wO

_|_
which has the form of the usua resonance equation. The
resonance pesk is centered af w = w, and has a width
determined by the quality factor Q, with

Q=—5. (15)
ng
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Because the piston is very porous, the gas cannot con-
tribute to the piston’s restoring force and shift the resonant
frequency. It is, however, responsible for the damping.

34. wt>1

This is the opposite case of a piston with a very low
porosity and with the trapped gas making its maximum
contribution to the total restoring force. Eq. (10) becomes

F /mw?
N /M2 | 15)

which has a peak at

=10+ ol. (17)

The effective quality factor

2
Wy, W' T

Q= 2 (18)

Wy

now depends on the square of the drive frequency.

If wy < w,, asis typicaly the case (Section 4), and w
is small compared to w,, but not so small as to violate the
condition w7>> 1, then, Eqg. (16) simplifies to

Ax o ! 19
- mew? 1+ wgz S0l (19)
So when w, is comparable to w,, the low frequency

amplitude falls significantly below the low frequency limit
of F,/meZ. This behavior is very different from the usual
high-Q resonance behavior (e.g., Section 3.3), where the
low frequency amplitude remains roughly at the limiting
value. A rapid decrease in the amplitude of the frequency
response at low frequencies followed at higher frequencies
by a sharp resonance peak immediately indicates a small
porosity.

35 w=w,

At this specia frequency, Eq. (12) for the pressure
amplitude can be written as

PO FO (Ug
B= - — 20
hmw§ (ugz (20)

which is independent of the porosity (i.e., 7) of the piston.
On the other hand, a very porous piston exhibits a reso-
nance at w, and undergoes very large physical displace-
ments (Section 3.3). So as the porosity increases and gas
passes more easily through the piston, the physical ampli-
tude of the piston’s motion grows to a level just sufficient
to maintain constant the amplitude of the pressure swings.

Note too that the pressure is in phase with the drive, i.e.,
¢, =0 (Eq. (13)).

36. =i+ wg

As shown above in Section 3.4, resonance occurs at this
frequency when the piston has a very low porosity, i.e.,
when 7> 1. But independent of porosity and so, inde-
pendent of whether or not there is resonance behavior, the
pressure at this frequency lags the drive according to Eq.
(13) by precisely 90°.

37 o= wy/l+ w§/2w§

At this frequency, Eq. (10) for the displacement simpli-
fiesto

A=—2 . 2 (21)

Now it is the piston’s amplitude which is independent of
the porosity.

Various types of plots will be presented in the following
sections which explicitly demonstrate all of these special
Cases.

4. Magnitude of o,

Typically, the characteristic frequency f, = w,/27 of a
micromechanical structure liesin the broad frequency range
between low kHz and low MHz. In this section, it is
shown that the gas frequency f; = wy/2, at atmospheric

B e e e T
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/[:1\ - -
% 4 B h=0.39um=\/4 ]
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Fig. 2. Gas frequency f, vs. pressure determined using Eq. (24). The two
curves correspond to piston-cylinder assemblies which differ only in gap
spacing h.
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pressure, is typically of the order of MHz and so, generally

greater than f,.
The gas frequency was defined by Eq. (7), i.e,
aP,

0=\ 1 (22)
If the piston has uniform thickness t, then,
m= atp, (23)
where p is the density, and so,

1 P,
fy= py htp (24)

In anticipation of the experimental results to be dis-
cussed in Section 11, we take as an example a piston made
of silicon nitride ( p = 3.1 g/cm?®) with a thickness of 0.2
pm. The gap spacing is either 0.39 or 1.17 um. These
gaps correspond, respectively, to A/4 or 31 /4 with A =
1.56 wm, and are optimum spacings for the devices to
function as optical modulators. Fig. 2 shows f; for the two
spacings plotted as a function of pressure.

It will be shown in Section 10, that it is desirable to
have f, = 2f,. So, for example, if one requires f, to be 3
MHz, then f, should be 6 MHz. The curve for h=0.39
pmin Fig. 2 shows that the ambient gas pressure will need
to be of the order of 3 bars. Because f; and f, have the
same mass dependence, fy/f, isindependent of m.

5. Amplitude and pressure plots with @,/ ®w, =2
Many of the essential physical implications of the model

are depicted in Fig. 3. This three-dimensional plot shows
A (Eg. (10)) vs. w and 1/7, in dimensionless units, for

Fig. 3. Displacement amplitude plotted vs. drive frequency and ‘ piston
porosity’, al in dimensionless units. The reduced gas frequency is fixed
a 2.
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Fig. 4. Displacement amplitude as a function of drive frequency. Curves
are shown for wy /o, fixed a 2, and for various values of 1/ w,7. The
node occurs a @/ w, =1+ w2/ w? =v3.

wy/ w, fixed at 2.0. Remember that 1/7 is a measure of
the piston’s porosity.

For low porosities (i.e, 1/w,r= 0), there is a sharp
resonance pesk a w/w, = |1+ w?/w? =5 and at low
frequencies, a reduced response amplitude much smaller
than unity. As the porosity increases, this behavior evolves,
with the peak amplitude first decreasing and then reemerg-
ing ner w/w,=1. For 1/w,7>= 10, the frequency re-
sponse shows more-ordinary behavior with the reduced
amplitude increasing monotonically from unity on the low
frequency side of the peak. These two extreme cases for
1/7 were discussed more quantitatively in Section 3.

In the transitional region, the calculated response (with
w,/ w, fixed at 2) does not exhibit any peak. This suggests
the possibility of achieving an optimum damping for some
specific value of 1/ w,7.

Fig. 4 shows, more quantitatively, the response ampli-
tude at intermediate porosities. The curve for 1/w,7= 3
exhibits near-ideal behavior in the sense that one would
not expect ringing to occur following a discontinuous
change in the driving force. The response to a square-wave
drive will be discussed in Section 9. Note too the node in
the curves which according to Section 3.7 occurs & o/ w,
=1+ wf/20; = V3, where A/F,/mw?2)= 20/ wf
=1/2.

Fig. 5 shows the magnitude B and the phase ¢, of the
pressure oscillations as a function of drive frequency.
Curves are shown for severa values of 1/w,7 and again
with @,/ w, fixed at 2.0. For comparison, Fig. 5¢c shows
curves for ¢, the phase of the displacement.

At w= w,, the pressure oscillations have a magnitude
which is independent of 7 and are exactly in phase with
the drive. At w=/w¢ + »} , the magnitude of the pres-
sure variations grows as the piston’s porosity decreases.
Here the pressure lags the drive by 90°, independent of the
value of 7.

The phase of the piston’s displacement, shown in Fig.
5c¢, exhibits a more complicated dependence on 7, with no
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Fig. 5. Pressure amplitude (@) and phase (b) as functions of drive
frequency. For comparison, (c) shows the phase of the displacement.

nodes. From this point of view, the pressure is the more
fundamental parameter.

6. Constraint on w, for optimum damping
Fig. 4 of Section 5 suggests that a response curve

showing no resonance peak can be achieved by adjusting
only the piston’s porosity. It is demonstrated here that this

is not generally true and that ,/ @, must be, in addition,
sufficiently large.

The displacement amplitude A is plotted for several
different fixed values of wy/w, in Fig. 6ab,c. Fig. 6¢ has
wy/w,=2, as in Figs. 3 and 4. Fig. 6ab show the
corresponding curves with wy/w, fixed a 0.5 and 1.0,
respectively. Note the different ordinate axis scales and the
fact that the two curves with 1/w,7= 1 now have signifi-
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Fig. 6. Displacement amplitude vs. drive frequency. The curves in g, b,
and ¢ were computed with oy /@, fixed a 0.5, 1.0, and 2.0, respec-
tively, and for several values of 1/w,7. Note that wy /w, plays an
important role in determining the damping.
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Fig. 7. Frequency (a) and displacement (b) at the resonance peak as a
function of piston porosity. The dashed portions of the curves indicate the
absence of a well-defined peak. The peak amplitude remains above unity
for &l values of 1/ w,, unless wy / w, is greater than about 2.

cant peaks, implying that it may be impossible to obtain
sufficient damping at these smaller gas frequencies.

Thisisin fact the case as demonstrated in Fig. 7. Here
the amplitude and frequency at the resonance peak are
plotted as functions of the piston porosity. Curves are
shown for wy/w, fixed at 0.5, 1.0, and 2.0. The dashed
portions of the curves for wy/w, = 2 indicate the porosity
region where the response curves do not exhibit a well-de-
fined maximum. When w,/w,= 0.5, the reduced peak
amplitude never drops below 8 (i.e., Q = 8); at w,/w, =1
the minimum amplitude is 2. It is only a even higher
reduced gas frequencies that the amplitude can be brought
below unity and into a region of appreciable damping.
Independent of the piston porosity, optimum damping
cannot be achieved unless w,/w, > 2. This result is espe-
cialy important for devices designed to work at frequen-
cies above a few MHz, since it implies that the ambient
gas pressure will have to be greater than atmospheric
pressure.

7. Qualitative behavior of =

At atmospheric pressure, the mean free path (mfp) of a
gas molecule is of the order of a few tenths of a micron

D.S Greywall et al. / Sensors and Actuators 72 (1999) 49-70

Table 1
Gas parameters

Gas Molecular weight, M Viscosity (10~° P)
H, 2.02 9.0
He 4.00 20.0
Ne 20.18 321
Ar 39.94 22.9
Kr 83.80 25.6
Xe 131.30 23.2

and so small compared to the dimensions of ordinary-sized
systems, but comparable to the dimensions of typica
micromechanical structures. The flow of gas within these
devices, therefore, cannot be described as being either
viscous or molecular. This makes quantitative theoretical
calculations extremely difficult and dependent upon the
particular device being modeled. Qualitatively, however,
one would expect that at very low gas pressures (i.e., long
mfp), 7 would be a function of the molecule mass M and
at high pressures, a function of the gas viscosity (Table 1).

Empirically, it is found (Section 11.4) that an expres-
sion of the form

1
— =/a?+p2P? (25)
.

with
a~M"/4 (26)
and
B~ i (27)

can be used to accurately fit the experimental results for
0.5 < 3 bars.

For the experimental devices to be discussed later, both
the damping hole diameter and the center-to-center hole
spacing are large compared to the gap spacing h (Fig. 8).
Consequently, the gas is confined to flow parallel to the
substrate and radially toward an opening with area 27 rh.
The rate at which gas escapes from under the piston is then
determined not only by the size and number of these holes,
but also by the impedance provided by the narrow gap.

d

o membrane
i damping hole ("piston")
h T( ] L h)
§7 / A //E
|
substrate

Fig. 8. Cross-section of a device in the region of a damping hole. The
drawing is based on a hole diameter of 5 um and a gap spacing of 0.4
wm.
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8. Method for extracting w
response curves

¢ and = from frequency

The mechanical frequency response of a device is
mapped out experimentally by simply sweeping the fre-
guency of a constant-amplitude driving force while detect-
ing the amplitude of the resulting physical motion (see
Section 11 for several examples). The exact shape of this
curve will depend on the temperature, the pressure, and on
the type of gas surrounding the structure. Of course, at
zero pressure, there will be no gas damping and so, in
general, one would expect a sharp resonance at the natural
frequency f,. As the pressure is increased from zero, the
resonance peak decreases in amplitude and shifts in fre-
guency. It is convenient to characterize each curve by two
dimensionless quantities: ., /f, and Auex /A, o, Where
A,_, is the amplitude in the limit of zero frequency.
Discussed in this section is the correspondence between
these directly measured quantities and the two parameters
of the model, namely o,/ w, and 1/ w,7.

Fig. 9ab show w,/®, and 1/w,r plotted vs.
Apea/A,—o dong severa curves corresponding to fixed
values of e/ .. These curves were generated by nu-
merically scanning wy/w, and 1/w,7 to search for pairs
of vaues which imply, via Eg. (10), a resonance peak at a
given fixed value of e,/ @,. The corresponding reduced

3.0 C T T T I T T T I T T T ]' T T T l T T T ]

F () 1
25EF 3
20F =
« ]
S1sF s
~ r ]
1.0F . ]
05F =

g 2.\\\\\ ]
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2.5~..;,2:6‘.,...,...,...:
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20 —— 22 7

E T 20 ]
301.5 N 1.8 .
N ]
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1.0 1.4 ]
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. 1.1 :
05¢ Wpen/ 0=1.05 :
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0 2 4 6 8 10

Apeak/Aa::O

Fig. 9. Parameters wy /@, and 1/ w,7 plotted vs. Apey / A, —o- These
figures can be used to estimate the model parameters starting from a
measurement of the frequency response curve.

amplitude Ape, /A, _o Was aso recorded. The curves in
this figure were terminated at an abscissa value of unity to
simplify the plot and also because at very small ampli-
tudes, the resonance is broad and so, the uncertainty in
foeak 1S large. The termination at the opposite end of each
curve is a consequence of the grid size used to scan values
of wy/w, and the fact that al of the curves approach
horizontal behavior at large amplitudes. Because each
curve is single-valued as a function of amplitude, w,/w,
and 1/w,7 can be determined uniquely given f,., /f, and
Apeak/Aw: 0-

As an example use of this figure, consider a device with
a natural frequency of 1 MHz which under a given pres-
sure has a resonance at 1.2 MHz with a reduced amplitude
of 2. Following the curves with w ., /@, = 1.2 one finds
that a Apea/A,—0 = 2, wy/w, isabout 1.0and 1/ w,7 is
about 1.3. A simple modification of the computer program
used to create Fig. 9 directly converted the experimental
input values into the parameters of the model. For the
above example, the routine yielded the more-quantitative
values, wy/w,=1.003 and 1/w,7 = 1.336.

9. Response to a square-wave drive

High-speed switching applications require devices
whose response to a discontinuous step change in drive
exhibits a short rise time and no significant ringing. In this
section, we determine the response to a square-wave drive
by simply summing the complex frequency responses to
the Fourier components of the drive signal.

A sguare-wave drive signal which switches between O
and 1 with a period P can be written as the Fourier series

1 2  (2mwjt )
F(t)=-+ —sin
® 2 1:1%,... I (

28
5 (28)
It is convenient to use dimensionless quantities, and work
with time measured in units of the natural period of the
structure, i.e., p,=1/f,.

With the definitions

P=P/po, (30)
o, 2]

®=—=—= (31)
w, P

and
2 32

= J_W (32)

Eq. (46) can be written as

1 .
F(t)=5+2ajsin(5jt). (33)
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Summing the piston’s complex frequency response cor-
responding to each of the Fourier components of the
sguare-wave drive, the normalized response is

1 _
R(i)=5+_z;, a-Aw) sn(ot-¢,). (34
j=1,3,...

The quantities A and ¢, are given by Egs. (22) and (23),
which in reduced units take the forms

A= Amw/F, 1 % 22
=Ame?/F,={|1+ —2— — &~
e 1+ (07) °
-1/2
@2 I
oT 1+ (w7)
and
2/ ot
tan ¢, = CLE— . 36
! (1—5))2(1—1—((07') 2)+E)gz (36)
Here
o=/, (37)
Wy = 0y/ W, (38)
and
T= w,T. (39)

Fig. 10 shows several examples of sguare-wave re-
sponse curves calculated using Eqg. (34) (with j,,, = 301)
along with the corresponding frequency response curves
based on Eq. (35). All of the curves are for w,/ w, = 2; the
different input values of 1/w,r are indicated in the indi-
vidual component plots.

For small values of 1/w,7, where the frequency re-
sponse curves show a dramatic drop in amplitude at low
frequencies, the square-wave response curves exhibit be-
havior which is characterized by two very-different time
scales: the first is determined by 7, the second by f.,
~[f2+f2 = /5. For large values of 1/ w,T, correspond-
ing to avery porous piston, both of the response curves are
very similar to those of an ordinary underdamped oscilla-
tor. Because fi.,, in this limit, is close to the natural
frequency f,, the ringing is now at a much lower fre-
guency than in the low porosity regime.

Near-optimal response is achieved when 1/w,7= 3.
Here the square-wave response has a rise time character-
ized by f, and does not exhibit ringing, while the fre-
guency response curve shows no remnant of any resonance
peak.

Fig. 10. Square-wave response corresponding to various frequency re-
sponse curves. The calculations are for wy /w, =2 and the values of
1/ w,7 indicated. Time for the square-wave response curves is measured
in units of the natural period p, =1/f,.
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Fig. 11 shows the square-wave response of this optimal
device when the drive frequency is greater than f,. Curves
are aso included for 1/w,r= 2.5 (dotted) and for 1/ w,7
= 3.5 (dashed). As the drive frequency is increased above

f,, the full amplitude swing between 0 and 1 can no longer
be achieved. However if, for example, a swing between
0.1 and 0.9 is acceptable, then, the operating range can be
extended to 1.5f,, which implies a bit rate of about 3f,.

10. o4/ @, and 1/w 7 for optimum square-wave
response

In Section 9, it was demonstrated that nearly idea
small-amplitude, square-wave response could be achieved
for one particular pair of parameters, namely wy/w, =2
and 1/ w,m= 3. Other pairs of values, however, will yield
similar results. In this section, a more general relationship
for optimum response is mapped out.

The range of parameter values giving acceptable
square-wave response was extracted from plots similar to
the one shown in Fig. 12. Here the response calculated
using Eq. (34) is plotted vs. time measured in units of the
natural period. For this example, the parameter w,/w, is
fixed at 2.0 and the individual curves correspond to vari-
ous values of 1/w,7 ranging from 1 to 5.

The amount of ringing was quantified simply by consid-
ering the normalized amplitude of response at atime p,/2
following an instantaneous step in the drive signal. The
dashed horizontal lines in the figure correspond to the
upper and lower amplitudes for ‘10% ringing’. The larger
amplitude is reached when 1/w, 7= 3.8; the lower when
1/wyr=24.20if 0/ 0, =2and 24 <1/w,7< 3.8, the
square-wave response will show less than 10% ringing. If
27 <1/w,7m < 3.4, theringing will be less than 5%.

The limits on 1/ w,7 determined for various values of
wy/ w, Were used to map out the 5% and 10% boundaries
inaplot of 1/w,r VS. wy/w, (Fig. 13). There are sizable
ranges of acceptable values for both parameters; also there
are threshold values for both parameters: w,/w, must be
greater than about 1.5 and 1/w,7 must be greater than

1.5 e

5 We/0,=2.0

1.0

0.5

square—wave response

LALLENL I I B B B B E B B

rvva by v b v b o b v Loy oy

0.0 0.5 1.0 1.5 2.0 25 3.0

t/po

Fig. 12. Response to a discontinuous change in the drive for times
comparable to the natural period p,. The dashed lines define ‘10%
ringing’. Fig. 10 shows these curves extended to longer times.

0.0




58 D.S Greywall et al. / Sensors and Actuators 72 (1999) 49-70

8 T
6 - -
L 6—10% ringing
- 0-5% ringi
. ging
341
~ L
2+
O-IIIIIlIII‘IllIIIIlIILlllIllIl-
0.0 0.5 1.0 1.5 2.0 25 3.0

Fig. 13. Relationship between gy /w, and 1/w,m which must be
satisfied in order to achieve near-optimum square-wave response.

about 2.0. If wy/w, is not greater than 1.5, a clean
sguare-wave response cannot be achieved, independent of
the piston’s porosity.

11. Comparison with experiment

Detailed measurements were made on eight microma-
chined devices. Each had the structure of a cylindrical
drum with a stressed (800 MPa) drumhead membrane of
silicon nitride. The membrane was covered with an annular
metal plating (100 A of Ti, 500 A of Au). This electrode
and the doped silicon substrate formed a capacitor, allow-
ing the resonator to be excited electrostatically. The result-
ing motion of the membrane was detected by measuring
the modulation in the reflectivity of the unplated, transpar-
ent central portion of the membrane. Interference effects
alter the reflectivity because the thickness (0.195 w.m) of
the membrane as well as the size of the gap under the
membrane are both comparable to the optical wavelength.

Fig. 14 shows schematically, but to scale, the four
damping hole arrangements examined. Each of these lay-
outs was used with two different gap spacings, namely:
0.39 pm and 0.97 um, accounting for the eight test
devices. The dashed circle indicates the size of the drum-
head; the dark shading shows the metal electrode; and the
small white circles indicate the damping holes which pass
through both the electrode and the membrane. These holes
have diameters of either 3 or 5 wm and lie on circles with
diameters of 40, 70, or 100 wm. The drumhead diameters
are 150 um for (@), (b), and (c) and 120 pm for (d).
Various parameters for each of the test devices are listed in
Table 2, dong with the assigned sample numbers used
throughout this section.

11.1. Fregquency response: peak amplitude and frequency

Examples of measured small-amplitude (A/h=<107%)
frequency response curves are shown in Figs. 15 and 16,

Fig. 14. Top-view schematics of the drumhead structures studied experi-
mentally. Each layout was used with two different gap spacings account-
ing for atotal of eight test devices. The dashed circle indicates the size of
the drumhead; the dark shaded region shows the region covered by a
metal electrode; and the small white circles indicate the size and location
of the damping holes which pass through the electrode and membrane.

with the various curves in each plot corresponding to
different helium pressures ranging from 0.2 to 3 bars. Each
of the curves has been normalized so that at zero fre-
guency, the amplitude is unity. The small peak near 5
MHz in Fig. 15 is a higher-order mode not included in our
simple model.

The measured response is obviously very different for
these two samples: Sample 5 exhibits a rather standard set
of resonance curves with the low frequency amplitude
rising monotonically from unity. The peak frequency shifts
by only 10% over the entire pressure range. In contrast to
this behavior, Sample 2 shows a low frequency amplitude
which drops well below unity at the higher pressures. And
now, the peak frequency more than doubles with increas-
ing pressure. Note that both of the samples have the hole

Table 2

Parameters for the drumhead text devices

Sample D h N d f, fy /VP
number  (um)  (wm) (pm)  (MH2) (M Hz/barl/?)
1 150 0.39 36 5 2.14 2.6

2 150 0.39 24 5 2.02 2.6

3 150 0.39 24 3 2.06 2.6

4 150 0.97 36 5 219 15

5 150 0.97 24 5 2.15 13

6 150 0.97 24 3 2.26 14

7 120 0.39 24 5 2.94 2.6

8 120 0.97 24 5 2.67 13
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Fig. 15. Measured resonance curves for Sample 2 at various helium
pressures. This sample has the damping hole arrangement shown in Fig.
14b and a gap spacing under the membrane of 0.4 pm.

arrangement shown in Fig. 17b and the same natural
frequency, 2 MHz. They differ only in gap size.

The frequency and amplitude of the measured reso-
nance peaks, extracted from plots similar to Figs. 15 and
16, are plotted vs. pressure in Figs. 17 and 18. These data
are for devices 1-6, all of which have the same diameter
(150 pm) and the same natura frequency f, (2 MH2).
Samples 1-3 have the small gap spacing, Samples 4—6
have the larger gap. Note the different ordinate scales for
each row of figures. The sample pairs 1 and 4, 2 and 5,
and 3 and 6 have the same damping hole arrangements
corresponding to Fig. 16ab,c. Frequency and amplitude
data for Samples 7 and 8, with the smaller drumhead
diameter are shown in Fig. 19, and only for helium.

Using these complicated results as input, corresponding
values of w,/w, and 1/w,r were extracted according to
the discussion in Section 8. As demonstrated later, these
derived quantities behave more simply and permit an
understanding of the experimental observations.

11.2. Anomalous results for Ar and Xe

Compared to data obtained for the lighter gases, the
frequency response curves for Ar and Xe often showed
more complicated resonance behavior, making it difficult,
and sometimes impossible, to extract meaningful informa-
tion. An attempt is made here to explain these observa-
tions.

Fig. 20 shows response curves for Sample 5 obtained
using various gases, all at a pressure of 3 bars. The curves

for H,, He, and Ne are smooth and show no unusua
features. In contrast to this, the results for Ar show some
structure near 4 MHz, while the Xe curve actually exhibits
a well-defined anomalous peak near 2 MHz. The fre-
guency of this peak does not shift with drive amplitude or
with pressure. Sample 2, which is identical to Sample 5
except for the smaller gap size, does not show a peak at 2
MHz, but instead a large interference signal near 3.6 MHz.

The fact that f,, isindependent of pressure immedi-
ately suggests a sound resonance in the gas within the
device. The fundamental plane-wave mode has a resonance
frequency given by

fpw = Ugas/Ztgap (40)
with

Ugas = VYRT/M (41)

for an ideal gas. Using vy, = 180 m/s and ty,, =1 um
implies f,, =90 MHz, which is more than an order of a
magnitude too large.

Purely transverse vibrations, however, can have much
lower frequencies. These resonances are determined by the
relation [14]

f Pgas % 42

mn — D ’ ( )
where D is the diameter of the cylindrical chamber, o,
isasolution of d[J (wa)]da=0, and J (7a) isaBesse
function of the first kind. Using D =150 pm and the
sound velocity for Xe, Eq. (42) predicts possible reso-
nances (in MHz) a fy, =15, f,, =27, f3=309, f;; =

15 e
L SAMPLE 5 0.2bar J
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Fig. 16. Measured resonance curves for Sample 5 in helium. This sample
isidentical to Sample 2 (Fig. 15) except the gap spacing is now 1.0 pm.
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Fig. 17. Measured peak frequencies for Samples 1-6 in H,, He, and Ne. Samples 1-3 have a gap of 0.4 um; Samples 4-6 have agap of 1.0 wm. Note the

different vertical scales for each row of figures.

0.7, f,, =20, and f;;=3.2, which are of the proper
magnitude. A direct comparison of numbers suggests that
the anomaly near 2.2 MHz for Sample 5 may be the f,,
mode, while the peak for Sample 2 at 3.6 MHz may be the
f,3 mode.

According to Egs. (41) and (42), the transverse reso-
nances in the gas are proportional to M~1/? and so, are
pushed to much higher frequencies for the lighter gases,
explaining the absence of anomalies in these data.

Because the anomaly for the large-gap samples oc-
curred near f, (presumably by accident), the low pressure
Xe curves were ambiguous. On the other hand, the small
gap samples, with the anomaly at a much higher fre-
guency, could be analyzed if the pressure was not too high.
Figures in the later sections will therefore only include Ar
and Xe results for Samples 1-3.

11.3. Results for wy/ ,

Fig. 21 shows w,/w, plotted vs. P*/? for Samples 2
and 5. It is immediately evident that (1) w,/w, is propor-
tional to P'/?, (2) w,/w, is independent of gas type, and
(3) wy/ w, generaly varies inversely with the gap spacing.

Each of these observations agrees with expectations based
on Egs. (7) and (24). This sdlf-consistency, which will be
examined in the remainder of this section, supports the
application of the model to this particular set of devices.

Although Samples 1-3 differ in the damping hole
arrangement, the dimensions of the cylindrical cavity un-
der the membrane are the same and so, from Eq. (7), the
gas frequencies should be identical. Indeed, it is found that
f,/P*?= 2.6 for each of these devices.

The corresponding parameters for the larger gap struc-
tures Samples 4—6, should aso be the same. But here, a
greater variation is found, with the value for Sample 4
being 15% larger than the values for Samples 5 and 6. The
discrepancy is correlated with f; also showing a weak
dependence on gas type, for pressures below 1 bar. Note
though, that the uncertainties in the extracted model pa-
rameters for the large-gap samples are larger because the
measured frequency shifts are very small (Fig. 17). Weigh-
ing the results for Samples 5 and 6 more heavily, the
conclusion is that the value for these devices s f /P ? =
13.

Fig. 22 shows wy/w, data for Samples 7 and 8 which
were obtained using helium. These devices are smaller in
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Fig. 18. Measured peak amplitudes for Samples 1-6. Note the different vertical scales for each row of figures.

diameter and have a much higher natural frequency. Again,
the same values were extracted, namely f,/P*/?= 2.7 for
the small gap sample and 1.3 for Sample 8, demonstrating
explicitly that this quantity does not depend on device
diameter.

A direct evaluation of Eq. (24) yields f,/PY?=24
MHz/bar'/? for the small gap samples (h=0.39 pum,
t=0.19 pm, and p=5.9gm/cm®) and 1.4 MHz/bar'/?
for the large gap devices (h =0.97 um, t = 0.23 um, and
p=59gm/cm®). Given the uncertainties in the input
parameters, the 10% agreement with the measurements is
acceptable.

11.4. Results for 7

In this section, the 1/w, 7 data are analyzed and are
described in terms of simple empirical relations. These
expressions help to give the model predictive power.

Fig. 23 shows 1/w,r for Samples 1-6; Fig. 24 shows
data for Samples 7 and 8. These curves are qualitatively
much simpler than the measured input data shown in Figs.
17 and 18. Consistency with the functional form of Eq.
(25) is demonstrated in Fig. 25, where (1/w,7)? is plotted
vs. P2. The intercepts and slopes of the three straight lines
drawn in the figure determine («/w,)* and ( B/ w,)?* for

each of the corresponding gases.

The deviations from the straight lines at low pressures
are systematic and are shown in greater detail in Fig. 26.
These particular data are for Sample 1 in H, but are
representative of the results for other samples and other
gases. The dip in the curve is presumably the Knudsen
minimum seen in ordinary gas flow measurements [15] and
aso in thermal conductivity data [16] when the mean free
path of the particles or (phonons) is comparable to the
dimensions of the tube. Because this behavior is confined
to low gas pressures, it is ignored in the following analy-
sis.

As dready discussed in Section 7, both o and B are
expected to be functions of the various physical dimen-
sions of the device. In addition, « should depend on the
molecular mass and B on the gas viscosity. Fitting the «
and B values for each sample to various simple power-law
expressions, it was determined that

1
a=a,/M* (43)
and

1
B=By/n" (44)
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Fig. 19. Measured pesk frequency and amplitude for Samples 7 and 8.
These devices have a smaller drumhead diameter than Samples 1-6.

represented the data well. The parameters «, and B, are
dependent on device geometry and so, are different for
each sample.

To reduce the uncertainties in the best-fit parameters
due to correlations, the 1/w,r data were refit using the
expression

t_ (i

W, T o)

2 1/2
Bo ) p2 (45)

2
+

1/2
o won"

yielding for each device a single value for B, and vaues
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Fig. 20. Resonance curves for Sample 5 measured using various gases at
3-bar pressure. The anomalous peak in the xenon curve near 2 MHz is
due to aradia sound mode in the gas.
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for « corresponding to each of the gases used. Fig. 27
shows these best-fit values of « plotted vs. M~/ to
demonstrate the simple proportionality between these two
guantities. The only significant deviations from the straight
lines in this figure occur for hydrogen and the large-gap
samples. The difficulties with the hydrogen results are
ignored, and emphasisis placed on the monatomic rare gas
data. The slope of each straight line in Fig. 27 determines
a,/ w, for each device.

Fig. 28a,b show «,/w, and B,/ w, plotted vs. Nd. To
a good approximation, these parameters are found to be
simply proportional to the total circumference of all of the
damping holes in the membrane. Moreover, the ratio of the
slopes of the two linesin Fig. 28ais 2.4. For Fig. 28b, the
ratio is again 2.4. This number is within the experimental
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Fig. 23. 1/ w,7 results for Samples 1-6. Note that this parameter has a much simpler pressure dependence than the measured data shown in Figs. 17 and

18.

uncertainties equal to the ratio of the gap spacings, namely:
0.97/0.39 = 2.5.

Bringing these observations together and using an aver-
age value for w,, namely: 27 2.15 MHz, leads to

1

o = 1.89 X 10° Ndh/M* (46)
and
B = 2.77 X 10° Ndh/ n*/2. (47)
Thus, for Samples 1-6,
1 Nah[  2.ami/2p2]¥?
— =189X10°— |1+ : (48)
T : n

M4

The comparison of Egs. (8) and (48) indicates that the
effective porosity £ goes as h?.

According to Eq. (9), 1/7 should be inversely propor-
tional to the area of the device or to D2 The explicit
dependence on D? can be introduced into Eq. (48) by

multiplying the right hand side by (150 wm/D)?, which
for Samples 1-6 is unity. This leads to the general relation
T —Z

1/2
pz] |
D2m*

Again, N is the number of damping holes of diameter d,

2.1MY?
n

1 Ndh
— =43x10° T

(49)
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Fig. 24. 1/ w,7 results for Samples 7 and 8.
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the functional form 1/ w,r =(a? + B2P?)Y/2. The parameters a and S8
have different values for each gas and for each device.

which are distributed ‘ uniformly’ over the membrane, D is
the device diameter, h is the gap spacing, m is the
viscosity in units of 107° P, and P is the pressure in bar.

The 1/w, data for Samples 7 and 8 were not used in
extracting Eg. (49) and so, could be used to check this
expression. These devices have D = 120 pm, d=5 um,
and N=24. Sample 7 has h=0.39 um and f,=2.94
MHz; Sample 8 has h= 0.97 and f, = 2.67 MHz. Substi-
tuting these numbers into Eq. (49) yields

1 o172
E|#7'He=o.53(1+0.21p ) (50)

o
and

1 2 1/2
—lyare = 145(1+021P%)""”, (51)

(o]

These equations describe the experimental data well and
were used to plot the solid curves shown in Fig. 24.

A further test of the model was made by computing
resonance curves using Eq. (10) with o,/ o, given by Eq.
(24) and 1/ w,7 given by Eq. (49). Figs. 29 and 30 show
curves based on the physical parameters describing Sam-
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Fig. 26. 1/ w,7 results at low pressures showing the Knudsen minimum.
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ples 2 and 5, respectively. These figures can be compared
directly with the experimental curves in Figs. 16 and 17.
The largest differences occur near zero frequency for
Sample 2. This sample has a small gap and a small value
of 1/w,7. The breakdown of the model in this regime is
associated with the neglect of the I' term in Eg. (10).
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results give the model predictive power.
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Fig. 29. Calculated resonance curves for Sample 2. There is excellent
agreement with the data shown in Fig. 15, except at the lowest frequen-
cies.

11.5. Square-wave response

Measured and calculated square-wave response curves
are compared in Fig. 31, which shows results for Sample 1
in H,, and in Fig. 32 which shows results for Sample 5 in
He. The calculated curves are based on the empirical
expressions for w,/w, and 1/w,7, i.e, Egs. (24) and
(49), and were computed according to the discussion in
Section 9. The large noise amplitude in the experimental
curves for Sample 5 is explained by the fact that the
membrane thickness and the gap size were not properly
paired to give a strong optical signal. Nonetheless, detailed
agreement between measured and calculated response is
apparent in both figures.

Although the ringing for Sample 1 is completely sup-
pressed by a gas pressure above 2 bars, the price for thisis
aslow rise time. Ringing for Sample 5 (with the larger gap
size) is more severe and persists to the highest test pres-
sures. The two samples therefore deviate in behavior to
opposite sides of optimum response.

11.6. Devices with optimum response

Fig. 13 of Section 10 shows the range of w,/w, and
1/w, 7 values leading to optimum square-wave response.
In this section, the test devices are located in this parame-
ter space with mappings that show the paths followed as
the ambient gas pressure is changed.

According to Egs. (7) and (25),

wy = yPY/? (52)
and
1/7=(a?+p2P?)"* (53)

where «, B, and y are parameters which do not depend on
pressure or frequency. Eliminating pressure from these
expressions then leads, in terms of dimensionless quanti-
ties, to

_ [(1)1 M(_H -

Wo (7/‘%)4 W

The solid curves in Fig. 33 show Eq. (54) evaluated using
the parameters appropriate for Samples 1 and 6 in argon
gas. The region for optimum response is also indicated
(Section 10). Sample 1 is the small-gap sample with the
largest porosity, and Sample 6 is the large-gap sample with
the smallest porosity. So none of our samples has optimum
response.

The dotted curve shows the 1/ w,7 values for Sample 1
scaled by 2.94. According to Eg. (49), this curve should
correspond, for example, to a device identical to Sample 1
except for an increase in the number of 5 pm holes from
36 to 2.94 X 36 = 106. Similarly, the dashed curve which
shows the scaling of the Sample 6 curve by a factor of 0.6,
indicates the behavior of a device identical to Sample 6,
but with 14, 3-uwm holes instead of 24. Both scaled curves
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Fig. 30. Calculated resonance curves for Sample 5. These curves should
be compared with the data shown in Fig. 16.
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Fig. 31. Comparison of measured and calculated square-wave response for Sample 1 (small gap) in hydrogen.

generaly run parallel to the optimized region, implying
that a clean square-wave response can be achieved over a
sizable range of gas pressures. Of course, the actual magni-
tudes of the gas pressures for these two devices are quite
different. As a caution, it should be noted that 106 holes
for the small-gap device corresponds to a density of holes
much greater than actually studied and that at this density,
Eqg. (49) may underestimate the number of holes.

The pressure is determined using Eq. (7), which can be
rewritten as

p- [_/_}

W, W,

(55)

In Section 11.3 above, it was determined that f,/P'/? is
2.6 MHz/bar~/? for the small-gap samples and 1.3 for
the large-gap samples. Because f,=2 MHz, y/w, is
equal to 2.6/2 and 1.3 /2, respectively. Using these num-
bers, and choosing to operate in the optimized region at
wy/ w, = 2, it follows that the corresponding pressures are
2.7 bars and 13.7 bars.

Fig. 34 shows a calculated set of response curves for
the small-gap device with the optimized damping. Compar-
ing these curves with those in Fig. 29, note that (1) the
response at very low frequencies no longer falls rapidly
below unity, (2) the frequency shifts are now much smaller,

and (3) the response curve near 3 bars no longer shows
any remnant of a resonance peak. The corresponding evo-
[ution in square-wave response is shown in Fig. 35, which
can be compared with Fig. 31.

The evolution of square-wave response for the large-gap
sample with 14, 3-um (in diameter) damping holes is
shown in Fig. 36. Note again the large pressure required to
obtain a clean sguare-wave signal.

12. Modeling: an example

What is the fastest device that can be made with a gap
of 0.97 uwm if the ambient pressure is limited to a maxi-
mum of 2 bars? Assume first that the device diameter is
kept at 150 p.m.

Because the physical geometry is unchanged, f, is still
given by

f,=13PY?2 (56)
and so, at a 2-bar pressure, f, = 1.87 MHz. Insisting that
wy/w, =2, it follows that f, must be 0.93 MHz, or
roughly a factor of two smaller than the resonant fre-
guency of the test devices.
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Fig. 32. Comparison of measured and cal culated square-wave response for Sample 5 (large gap) in helium.
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Sample 1 (small gap) shows that more damping holes are required to
achieve optimum square-wave response. The curve for Sample 6 (large Fig. 34. Caculated response curves for a small-gap sample with the

gap) shows that fewer holes are required. optimum arrangement of damping holes.
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Fig. 35. Calculated square-wave response for a small-gap sample with the
optimum arrangement of damping holes. Optimum response is achieved
only for pressures greater than about 2 bars.

stress by a factor of four. The devices studied had a stress
of about 800 MPa, so this would have to be reduced to
roughly 200 MPa. One might also increase the average
membrane density by increasing the thickness of the gold
electrode.

Having chosen wy/w, to be 2, means from Fig. 13,
that 1/ w,7 must be about 3. Using h = 0.97 wm, D = 150,

w, = 0.93 X 1027, P = 2 bars, and the mass and viscos-
ity for argon, Eq. (49) yields

1/w,m= 0.023Nd, (58)
which when set equal to 3 yields
Nd = 130 wm. (59)

If disfixed a 5 pm, then N=26; if N is fixed at 12,
d=11 pm.

square—wave response
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Fig. 36. Calculated square-wave response for a large-gap sample with the
optimum arrangement of damping holes. Optimum response is achieved
only for pressures greater than about 10 bars.
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In the above sample calculation, D was taken to be 150
pmand S was altered to change the natural frequency. We
now repeat the calculation with S fixed, allowing only D
to vary.

Since f, isindependent of D, f, continues to be given
by Eq. (56), and f, remains at 0.93 MHz. The natura
frequency is now reduced to this value by increasing the
drumhead diameter. Using Eq. (57), the diameter must be
enlarged by the factor 2 MHz/0.93 MHz. The new diame-
ter is then 322 um. Eq. (49) now gives at P = 2 bars

1/w,m= 0.0049Nd (60)
which again is set equal to 3 to yield
Nd = 610. (61)

One possibility is to have 122, 5-um holes. Note that the
density of 5-um holes, N/D?, is the same for both
examples.

13. Summary

A simple phenomenologica model was proposed to
explain the gas-damping of sgueeze-type micromachined
devices. The physical model consists of a piston supported
by a spring and located in a cylinder which is closed
except for a number of small holes. These holes allow gas
to enter or escape from the cylinder in response to the
piston’s displacement. With the assumption that the rate of
gas flow is proportional to the pressure difference across
the piston, the equations of motions were solved in terms
of two reduced quantities w,/w, and 1/w,7. The main
contribution to the damping was found to be due to the
out-of-phase component of the cylinder pressure.

The region for optimum sguare-wave response, was
mapped out in the @,/ w, — 1/w,7 plane and shown not
to extend to the origin. One implication is that a minimum
pressure must be exceeded to achieve optimum damping.
This pressure is greater than atmospheric pressure for
devices designed to operate above a few MHz, and rises
quadratically with increasing frequency. Changing the
pressure alone, however, cannot bring about optimum re-
sponse, unless the effective piston porosity also has the
proper magnitude.

By varying the values of the two model parameters,
frequency and square-wave response curves were gener-
ated which exhibited the unusual features seen in some of
the experimental data. In particular, frequency-response
curves were obtained which showed a very rapid drop in
frequency response near zero frequency, and sguare-wave
response curves were obtained which clearly showed the
effects of two very-different time constants.

Treating the two parameters as quantities to be deter-
mined empirically, the model was applied to a set of

micromachined samples. Each of these devices was in the
form of a cylindrical drum with a perforated drumhead
membrane. The number and size of holes in the membrane
varied as did the gap spacing between the membrane and
substrate. Measurements were made using various gases
and at several different gas pressures. Fits to each of the
measured response curves were made to extract values of
wy/w, and 1/ w,T.

The w,/ , results were found to be independent of gas
type and membrane porosity and in agreement with the
expression derived for the piston model, namely:

wy pl/2
— = (62)
w, wy/htp

This agreement was interpreted as direct evidence for the
applicability of the model to these particular structures.

The 1/w,7 values were found to be well-described by
the simple purely-empirical relation

=43x%x10°
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